Abstract. Write P k := F 2 [x 1 , x 2 , . . . , x k ] for the polynomial algebra over the prime field of two elements, F 2 , in k variables x 1 , x 2 , . . . , x k , each of degree 1. We study the hit problem, set up by F. Peterson, of finding a minimal set of generators for P k as a module over the mod-2 Steenrod algebra, A. In this paper, we explicitly determine a minimal set of A-generators for P k with k = 5 and in degree 2 s+2 − 4 with s an arbitrary positive integer.
Introduction and statement of results
Let V k be an elementary abelian 2-group of rank k. Denote by BV k the classifying space of V k . It may be thought of as the product of k copies of the real projective space RP ∞ . Then
a polynomial algebra on k generators x 1 , x 2 , . . . , x k , each of degree 1. Here the cohomology is taken with coefficients in the prime field F 2 of two elements.
Being the cohomology of a space, P k is a module over the mod 2 Steenrod algebra A. The action of A on P k is explicitly given by the formula Sq i (f )Sq n−i (g), for f, g ∈ P k (see ).
A polynomial f in P k is called hit if it can be written as a finite sum f = i>0 Sq i (g i ) for some polynomials g i . That means f belongs to A + P k , where A + denotes the augmentation ideal in A. We are interested in the hit problem, set up by F. Peterson, of finding a minimal set of generators for the polynomial algebra P k as a module over the Steenrod algebra. In other words, we want to find a basis of the F 2 -vector space F 2 ⊗ A P k := QP k . The hit problem was first studied by Peterson [7] , Wood [18] , Singer [11] , and Priddy [8] , who showed its relationship to several classical problems respectively in cobordism theory, modular representation theory, Adams spectral sequence for the stable homotopy of spheres, and stable homotopy type of classifying spaces of finite groups. The vector space QP k was explicitly calculated by Peterson [7] for k = 1, 2, by Kameko [4] for k = 3, and recently by us [14 [3] , Kameko [4, 5] , Nam [6] , Repka-Selick [9] , Singer [12] , Silverman [10] , Wood [18, 19] and others.)
For a positive integer n, we define µ(n) = min{m ∈ Z : α(n + m) m}, where α(n) denotes the number of ones in dyadic expansion of n. A routine computation shows that µ(n) = s if and only if there exists uniquely a sequence of integers
Denote by (P k ) n the subspace of P k consisting of all the homogeneous polynomials of degree n in P k and by (QP k ) n the subspace of QP k consisting of all the classes represented by the elements in (P k ) n .
Peterson [7] made the following conjecture, which was subsequently proved by Wood [18] .
One of our main tools for studying the hit problem is the so-called Kameko homomorphism Sq
This homomorphism is given by the F 2 -linear map, also denoted by Sq 
Based on Theorems 1.1 and 1.2, the hit problem is reduced to the case of degree n with µ(n) < k.
In this paper, we explicitly determine all the admissible monomials (see Section 2) of P 5 in degree 2 s+2 − 4 with s an arbitrary positve integer. For s = 1, from an our result in [17] , we easily obtain dim(QP 5 ) 4 = 45. So, we begin with the case s = 2. This paper is organized as follows. In Section 2, we recall some results on the admissible monomials in P k and Singer's criterion on the hit monomials. Our results will be proved in Section 3.
Preliminaries
In this section, we recall some results in Kameko [4] and Singer [12] , which will be used in the next sections. For a polynomial f in P k , we denote by [f ] the class in F 2 ⊗ A P k represented by f . For a subset S ⊂ P k , we denote by |S| the cardinal of a set S and
where
The sequence ω(x) is called the weight vector of x (see Wood [19] ). The weight vectors and the sigma vectors can be ordered by the left lexicographical order. Definition 2.3. Let x be a monomial and f, g two homogeneous polynomials of the same degree in P k . We define f ≡ g if and
We recall some relations on the action of the Steenrod squares on P k .
Proposition 2.4. Let f be a homogeneous polynomial in
Definition 2.5. Let x, y be monomials in P k . We say that x < y if and only if one of the following holds
Definition 2.6.
A monomial x is said to be inadmissible if there exist monomials y 1 , y 2 , . . . , y t such that y j < x for j = 1, 2, . . . , t and
A monomial x is said to be admissible if it is not inadmissible.
Obviously, the set of all the admissible monomials of degree n in P k is a minimal set of A-generators for P k in degree n.
Definition 2.7.
A monomial x is said to be strictly inadmissible if and only if there exist monomials y 1 , y 2 , . . . , y t such that y j < x, for j = 1, 2, . . . , t and x = y 1 + y 2 + . . .
It is easy to see that if x is strictly inadmissible, then it is inadmissible. The following theorem is a modification of a result in [4] . The following is a criterion for the hit monomials in P k . Theorem 2.10 (Singer [12] ). Suppose x ∈ P k is a monomial of degree n, where
We set
It is easy to see that P 0 k and P + k are the A-submodules of P k . Furthermore, we have the following.
Proposition 2.11. We have a direct summand decomposition of the F 2 -vector spaces
We denote
Definition 2.13. Let (i, I) ∈ N k , let r = ℓ(I), and let u be an integer with 1 u r. A monomial x ∈ P k−1 is said to be u-compatible with (i, I) if all of the following hold:
Clearly, a monomial x can be u-compatible with a given (i, I) ∈ N k for at most one value of u. for r > 0, x ∅ = 1. For a monomial x in P k−1 , we define the monomial φ (i;I) (x) in P k by setting
x is u-compatible with (i, I), 0, otherwise.
Then we have an F 2 -linear map φ (i;I) :
Let B be a finite subset of P k−1 consisting of some monomials in degree n. We set
Clearly we have
is the set of all admissible monomials of degree n in P 0 k .
It is easy to see that if B k−1 (n) is a minimal set of generators for
is also a minimal set of generators for A-module P k in degree n. Definition 2.17. For any (i; I) ∈ N k , we define the homomorphism p (i;I) : P k → P k−1 of algebras by substituting
Then p (i;I) is a homomorphism of A-modules. In particular, for I = ∅, we have p (i;∅) (x i ) = 0.
Proof of the results
From now on, denote by B k (n) the set of all the admissible monomials of degree n in P k .
First, we prepare some data for the proofs of our results. According to an our result in [14] , B 4 (2 s+2 − 4) is the set consisting of 21 monomials, namely: 
is the minimal spike of degree 2 s+3 − 4 in P 5 and ω(z) = (4 (s−1) , 2, 1). Since 2 s+3 − 4 is even, one gets either ω 1 (x) = 0 or ω 1 (x) = 2 or ω 1 (x) = 4. If either ω 1 (x) = 0 ω 1 (x) = 2 then ω(x) < ω(z). By Theorem 2.10, x is hit. This contradict the fact that x is admissible. So, ω 1 (x) = 4 and x = X i y 2 with
and y a monomial of degree 2 s+2 − 4. Since x is admissible, according to Theorem 2.8, y is also admissible. Now the lemma follows from the inductive hypothesis.
Proof of Proposition 1.3.
For s = 2, 2 s+2 − 4 = 12. We set 
Here (i, j, ℓ, m, n) is a permutation of (1, 2, 3, 4, 5).
Proof. We have
n ). The lemma follows from the above equalities. Here (i, j, ℓ, m, n) is a permutation of (1, 2, 3, 4, 5) . 
